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Â ïðîïîíîâàíèõ ìåòîäè÷íèõ ðåêîìåíäàöiÿõ ïîäà¹òüñÿ äèäà�
êòè÷íèé ìàòåðiàë, ïðèçíà÷åíèé äëÿ çàñâî¹ííÿ ÷åðãîâîãî âèäó
äiÿëüíîñòi: íàäiëåííÿ ìíîæèíè ïåâíîþ ñòðóêòóðîþ i âèâ÷åí�
íÿ âëàñòèâîñòåé òàêî¨ ìàòåìàòè÷íî¨ ñòðóêòóðè. ßê ðåçóëüòàò
� ñòóäåíòè îòðèìóþòü iíñòðóìåíòàðié äëÿ ðîçâ'ÿçóâàííÿ ãåîìå�
òðè÷íèõ çàäà÷ íà ïëîùèíi � ïîâíîöiííèé êîîðäèíàòíèé ìåòîä.

�õ ìîæíà âèêîðèñòîâóâàòè ïðè âèâ÷åííi êóðñiâ “Îñíîâè íà�
óêîâèõ äîñëiäæåíü â ìàòåìàòèöi”,“Ãåîìåòði¨”, ïðè íàïèñàííi
ìàòåìàòè÷íèõ òâîðiâ òà êóðñîâèõ ðîáiò, à òàêîæ íà çàíÿòòÿõ
ìàòåìàòè÷íîãî ãóðòêà.



Âñòóïíi çàóâàæåííÿ.
Îçíàêîþ ìàòåìàòè÷íî¨ îñâiòè ¹ óìiííÿ â ðàìêàõ ïåâíî¨ ìà�

òåìàòè÷íî¨ ñòðóêòóðè ñòàâèòè çàäà÷i i ¨õ ðîçâ'ÿçóâàòè, àíàëi�
çóâàòè îòðèìàíi ðåçóëüòàòè â ïëàíi ïîñòàíîâêè íîâèõ çàäà÷,
iíàêøå âåñòè òâîð÷èé ïîøóê.

Àâòîðè ìåòîäè÷íèõ ðåêîìåíäàöié ïðîïîíóþòü ÿê îá'¹êò äî�
ñëiäæåííÿ ìíîæèíó âñiõ ôóíêöié âèäó f (x) = a + bxα, äå
a, b ∈ R, α > 0, âèçíà÷åíèõ íà âiäðiçêó [0; 1]. Â öié ìíîæè�
íi ó ñòàíäàðòíèé ñïîñiá îçíà÷åíî äîäàâàííÿ ôóíêöié òà ìíî�
æåííÿ ¨õ íà ÷èñëî, à òàêîæ ñêàëÿðíèé äîáóòîê äâîõ ôóíêöié,
òî÷íiøå ìíîæèíà íàäiëÿ¹òüñÿ ñòðóêòóðîþ åâêëiäîâîãî ïðîñòî�
ðó ðîçìiðíîñòi 2.

Âèâ÷åííÿ ãåîìåòðè÷íèõ âëàñòèâîñòåé òàêîãî ïðîñòîðó äà¹
ìîæëèâiñòü îòðèìàòè çìiñòîâíi ðåçóëüòàòè, çâ'ÿçàíi ç ìåòðè�
÷íèìè ñïiââiäíîøåííÿìè íà êîîðäèíàòíié ïëîùèíi (ñèñòåìà
êîîðäèíàò äåêàðòîâà).

ßê çàñiá ïðîãíîçó âèêîðèñòîâó¹òüñÿ ïåðåíåñåííÿ ðåçóëüòà�
òiâ, ïðè ôîðìóëþâàííi ÿêèõ iñòîòíó ðîëü âiäiãðàëà ïðÿìîêó�
òíiñòü äåêàðòîâî¨ ñèñòåìè êîîðäèíàò.
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�1. Áàçèñíà ìíîæèíà.

Íåõàé ìà¹ìî ìíîæèíó
P2,α = {a+ bxα}|a, b ∈ R, α > 0, 0 ≤ x ≤ 1}
Îçíà÷èìî îïåðàöi¨:
1◦. ∀ a1 + b1x

α, a2 + b2x
α ∈ P2,α :

(a1 + b1x
α) + (a2 + b2x

α) := (a1 + a2) + (b1 + b2)x
α, (1.1)

2◦. ∀λ ∈ R, ∀a+ bxα ∈ P2,α :

λ (a+ bxα) := λa+ λbxα, (1.2)

3◦. ∀a1 + b1x
α, a2 + b2x

α ∈ P2,α

(a1 + b1x
α, a2 + b2x

α) :=

1w
0

(a1 + b1x
α) (a2 + b2x

α) dx =

= a1a2 +
a1b2 + a2b1

α + 1
+

b1b2
2α + 1

(1.3)

Íåâàæêî ïåðåêîíàòèñÿ, ùî ñòîñîâíî îïåðàöi¨ äîäàâàííÿ
(1.1) òà îïåðàöi¨ ìíîæåííÿ íà ñêàëÿð (1.2) ìíîæèíà P2,α ¹ ëi�
íiéíèì ïðîñòîðîì íàä ïîëåì äiéñíèõ ÷èñåë (Äîâåäiòü!).

Äëÿ îïåðàöi¨ (1.3) ìà¹ìî
a) ∀a1 + b1x

α, a2 + b2x
α ∈ P2,α :

(a1 + b1x
α, a2 + b2x

α) =

1w
0

(a1 + b1x
α) (a2 + b2x

α) dx =

= (a2 + b2x
α, a1 + b1x

α) ,
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á) ∀a1 + b1x
α, a2 + b2x

α, a3 + b3x
α ∈ P2,α

(((a1 + b1x
α) + (a2 + b2x

α)) , a3 + b3x
α) =

1w
0

(a1 + b1x
α + a2 + b2x

α)×

× (a3 + b3x
α) dx =

1w
0

(a1 + b1x
α) (a3 + b3x

α) dx+

1w
0

(a2 + b2x
α)×

× (a3 + b3x
α) dx = (a1 + b1x

α, a3 + b3x
α) + (a2 + b2x

α, a3 + b3x
α) ;

â) ∀λ ∈ R, ∀a1 + b1x
α, a2 + b2x

α ∈ P2,α :

(λ (a1 + b1x
α) , a2 + b2x

α) = λ (a1 + b1x
α, a2 + b2x

α) ;

ã) ∀a+ bxα ∈ P2,α : (a+ bxα, a+ bxα) ≥ 0,
ïðè÷îìó (a+ bxα, a+ bxα) = 0 ⇔ a = b = 0,

áî (a+ bxα, a+ bx) = a2 +
2ab

α + 1
+

b2

2α+ 1
Îòæå, P2,α ¹ ëiíiéíèì ïðîñòîðîì ç ñêàëÿðíèì äîáóòêîì.
Ñêàëÿðíèé äîáóòîê ïîðîäæó¹ â ïðîñòîði P2,α íîðìó (äîâ�

æèíó) åëåìåíòà [2]

||a+bxα|| =
√

(a+ bxα, a+ bxα) =

√
a2 +

2ab

α+ 1
+

b2

2α + 1
(1.4)

ÿêà, â ñâîþ ÷åðãó, ïîðîäæó¹ âiäñòàíü ìiæ åëåìåíòàìè ïðîñòîðó
P2,α:

d (a1 + b1x
α, a2 + b2x

α) = ||a1 + b1x
α − a2 − b2x

α|| =

=

√
(a1 − a2)

2 +
2 (a1 − a2) (b1 − b2)

α + 1
+

(b1 − b2)
2

2α+ 1
(1.5)

Ìè áóäåìî âèâ÷àòè àëãåáðà¨÷íi, òîïîëîãi÷íi òà ãåîìåòðè÷íi
âëàñòèâîñòi ïðîñòîðó P2,α
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Çàâäàííÿ äëÿ ñàìîñòiéíîãî îïðàöþâàííÿ

1.1. Ïåðåâiðèòè, ùî îïåðàöi¨ (1.1) òà (1.2) çàäîâîëüíÿþòü
àêñiîìè ëiíiéíîãî (âåêòîðíîãî) ïðîñòîðó:

1◦. ∀p1, p2, p3 ∈ P2,α : (p1 + p2) + p3 = p1 + (p2 + p3) ;
2◦. ∀p1, p2 ∈ P2,α : p1 + p2 = p2 + p1;
3◦. ∀p ∈ P2,α : p+ 0 = 0 + p = p, äå 0 = 0 + 0xα;
4◦. ∀p ∈ P2,α : p+ (−p) = (−p) + p = 0, äå −p = −a− bxα,
êîëè p = a+ bxα;
5◦. ∀λ ∈ R,∀p1, p2 ∈ P2,α : λ (p1 + p2) = λp1 + λp2;
6◦. ∀λ, µ ∈ R, ∀p ∈ P2,α : (λ+ µ) p = λp+ µp;
7◦. ∀λ, µ ∈ R, ∀p ∈ P2,α : (λµ) p = λ (µp) ;
8◦. ∀p ∈ P2,α : 1 · p = p.
1.2. Ïåðåâiðèòè, ùî ôóíêöiÿ (1.4)(íîðìà åëåìåíòà), âèçíà�

÷åíà â ïðîñòîði P2,α, çàäîâîëüíÿ¹ àêñiîìè íîðìîâàíîãî ïðîñòî�
ðó:

1◦. ∀p ∈ P2,α : ||p|| ≥ 0, ||p|| = 0 ⇔ p = 0;
2◦. ∀λ ∈ R, ∀p ∈ P2,α : ||λp|| = |λ| · ||p||;
3◦. ∀p1, p2 ∈ P2,α : ||p1 + p2|| ≤ ||p1||+ ||p2||.
1.3. Ïåðåâiðèòè, ùî ôóíêöiÿ (1.5)(âiäñòàíü), âèçíà÷åíà íà

P2,α ×P2,α, çàäîâîëüíÿ¹ àêñiîìè ìåòðè÷íîãî ïðîñòîðó:
1◦. ∀p1, p2 ∈ P2,α : d (p1, p2) ≥ 0, d (p1, p2) = 0 ⇔ p1 = p2;
2◦. ∀p1, p2 ∈ P2,α : d (p1, p2) = d (p2, p1) ;
3◦. ∀p1, p2, p3 ∈ P2,α : d (p1, p2) ≤ d (p1, p3) + d (p2, p3) .
1.4. Ïðîñòið X íàçèâàþòü êâàçiìåòðè÷íèì ç êâàçiâiäñòàííþ

q (x, y), êîëè q (x, y)� ôóíêöiÿ, âèçíà÷åíà íàX×X iç çíà÷åííÿì
â R, ÿêà çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi (àêñiîìè):

1◦. ∀x ∈ X : q (x, x) = 0,
2◦. ∀x, y, z ∈ X : g (x, y) ≤ q (x, z) + q (y, z) .
Äîâåñòè, ùî êîæåí ìåòðè÷íèé ïðîñòið ¹ êâàçiìåòðè÷íèì,

àëå íå êîæíèé êâàçiìåòðè÷íèé ïðîñòið ¹ ìåòðè÷íèì.
Âêàçiâêà. Â íåðiâíiñòü òðèêóòíèêà ïîêëàäåíî z = x, îòðè�

ìà¹ìî q (x, y) ≤ q (y, x), à ïîòiì z = y,
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îòðèìà¹ìî q (y, x) ≤ q (x, y).
1.5. Íåõàé

Pa+b := lim
α→0

(a+ bxα) íà [0; 1],

Pa+b := lim
α→+∞

(a+ bxα) íà [0; 1],

q0 (Pa1+b1 , Pa2+b2) := lim
α→0

d (a1 + b1x
α, a2 + b2x

α) =

= | (a1 − a2) + (b1 − b2) |,
q∞ (Pa1,b1 , Pa2,b2) := lim

α→+∞
d (a1 + b1x

α, a2 + b2x
α) = |a1 − a2|.

Äîâåñòè, ùî ïðîñòîðè (P2,0, q0) òà (P2,∞,q∞), äå

P2,0 = {Pa+b|a, b ∈ R},

P2,∞ = {Pa+b|a, b ∈ R},

¹ åêâàçiìåòðè÷íi, àëå íå ¹ ìåòðè÷íèìè.

�2. Ïîâíîòà ïðîñòîðó P2,α

Áóäåìî â ïîäàëüøîìó åëåìåíòè ç P2,α ïîçíà÷àòè p (x) =
a + bx, çîêðåìà ïîñëiäîâíiñòü (pn (x)) ¹ ïîñëiäîâíiñòü òàêèõ
åëåìåíòiâ p1 (x) = a1 + b1x, p2 (x) = a2 + b2x, ..., pn (x) = an +
bnx, ... .

Ðàçîì ç ïîñëiäîâíiñòþ (pn (x)) áóäåìî ðîçãëÿäàòè äâi ÷èñëî�
âi ïîñëiäîâíîñòi (an) òà (bn).

Çâ'ÿæåìî çáiæíiñòü òà ôóíäàìåíòàëüíiñòü ïîñëiäîâíîñòi
(pn (x)) iç çáiæíiñòþ òà ôóíäàìåíòàëüíiñòþ ïîñëiäîâíîñòåé
(an) i (bn).

Íàãàäà¹ìî, ùî ïîñëiäîâíiñòü (pn (x)) åëåìåíòiâ ç P2,α ¹ çái�
æíîþ äî åëåìåíòà p (x), ÿêùî ∀ε > 0 ìîæíà âêàçàòè n0 òàêèé,
ùî ∀n > n0 âèêîíó¹òüñÿ íåðiâíiñòü

d (pn (x) , p (x)) < ε,

àáî
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||pn (x)− p (x) || < ε.

Ïîñëiäîâíiñòü (pn (x)) ¹ ôóíäàìåíòàëüíîþ, ÿêùî ∀ε > 0 ìî�
æíà âêàçàòè n0 òàêå, ùî ∀n > n0 i ∀p ∈ N âèêîíó¹òüñÿ íåðiâ�
íiñòü

d (pn (x) , pn+p (x)) < ε,

àáî

||pn (x)− pn+p (x) || < ε.

Òåîðåìà 2.1. Äëÿ òîãî, ùîá ïîñëiäîâíiñòü (pn (x)) áóëà
çáiæíîþ, íåîáõiäíî i äîñòàòíüî, ùîá ïîñëiäîâíîñòi (an) i (bn)
áóëè çáiæíèìè.

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé ïîñëiäîâíiñòü (pn (x))
çáiãà¹òüñÿ äî åëåìåíòà p (x) = a+ bxα, òîáòî ∀ε > 0 ∃n0 òàêèé,
ùî ∀n > n0:

||pn (x)− p (x) || =

√
(an − a)2 +

2 (an − a) (bn − b)

α + 1
+

(bn − b)2

2α + 1
=

=

√(
an +

bn
α+ 1

− a− b

α + 1

)2

+
α2 (bn − b)2

(α+ 1)2 (2α + 1)
< ε.

Òîäi ∀n > n0 âèêîíóþòüñÿ íåðiâíîñòi

α|bn − b|
(α + 1)

√
2α + 1

< ε,

∣∣∣∣an + bn
α + 1

− a− b

α+ 1

∣∣∣∣ < ε.

Çâiäêè äiñòà¹ìî, ùî

8



lim
n→∞

αbn

(α + 1)
√
2α + 1

=
αb

(α + 1)
√
2α+ 1

,

lim
n→∞

(
an +

bn
α + 1

)
= a+

b

α + 1
.

Îòæå, iç çáiæíîñòi ïîñëiäîâíîñòi (pn (x)) âèïëèâà¹ çáiæíiñòü
ïîñëiäîâíîñòåé (an) i (bn), ïðè÷îìó, êîëè

lim
n→∞

(an + bnx
α) = a+ bxα,

òî
lim
n→∞

an = a, lim
n→∞

bn = b.

Äîñòàòíiñòü. Íåõàé

lim
n→∞

an = a, lim
n→∞

bn = b,

òîäi î÷åâèäíî, ùî

lim
n→∞

bn
α + 1

=
b

α + 1
, lim

n→∞

(
an +

bn
α + 1

)
= a+

b

α + 1

lim
n→∞

αbn

(α + 1)
√
2α + 1

=
αb

(α + 1)
√
2α+ 1

,

i ∀ε > 0, çîêðåìà
ε

2
, ìîæíà âêàçàòè òàêèé íîìåð n1, ùî ∀n > n1

âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣an + bn
α + 1

− a− b

α + 1

∣∣∣∣ < ε

2
,

i òàêèé íîìåð n2, ùî ∀n > n2 âèêîíó¹òüñÿ íåðiâíiñòü
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∣∣∣∣ αbn
(α + 1) (2α+ 1)

− αb

(α+ 1) (2α + 1)

∣∣∣∣ < ε

2
.

Íåõàé n0 = max (n1, n2), òîäi ∀n > n0 ìà¹ìî

∥pn (x)− p (x)∥ =

√(
an +

bn
α + 1

− a− b

α + 1

)2

+
α2 (bn − b)2

(α + 1)2 (2α+ 1)
≤

≤

√∣∣∣∣an + bn
α + 1

− a− b

α + 1

∣∣∣∣2 + 2

∣∣∣∣an + bn
α+ 1

− a− b

α + 1

∣∣∣∣×
× α |bn − b|
(α+ 1)

√
2α + 1

+
α2 (bn − b)2

(α + 1)2
√
2α + 1

=

=

∣∣∣∣an + bn
α+ 1

− a− b

α + 1

∣∣∣∣+ α |bn − b|
(α + 1)

√
2α + 1

<
ε

2
+

ε

2
= ε.

Îòæå, iç çáiæíîñòi ïîñëiäîâíîñòåé (an) i bn âèïëèâà¹ çái�
æíiñòü ïîñëiäîâíîñòi (pn (x)), ïðè÷îìó, êîëè

lim
n→∞

an = a, lim
n→∞

bn = b,

òî

lim
n→∞

pn (x) = lim
n→∞

(an + bnx
α) = a+ bxα.

Òåîðåìà 2.2. Äëÿ òîãî, ùîá ïîñëiäîâíiñòü (pn (x)) áóëà
ôóíäàìåíòàëüíîþ, íåîáõiäíî i äîñòàòíüî, ùîá ïîñëiäîâíîñòi
(an) i (bn) áóëè ôóíäàìåíòàëüíèìè.

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé ïîñëiäîâíiñòü (pn (x)) ¹
ôóíäàìåíòàëüíîþ, òîáòî ∀ε > 0 ìîæíà âêàçàòè òàêèé íîìåð
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n0, ùî ∀n > n0 i ∀p ∈ N âèêîíó¹òüñÿ íåðiâíiñòü

∥pn (x)− pn+p (x)∥ =

=

√(
an +

bn
α + 1

− an+p −
bn+p

α + 1

)2

+
α2 (bn − bn+p)

2

(α + 1)2 (2α + 1)
< ε.

Òîäi ç íåðiâíîñòåé

α |bn − bn+p|
(α + 1)

√
2α + 1

≤

√(
an +

bn
α + 1

− an+p −
bn+p

α + 1

)2

+
α2 (bn − bn+p)

2

(α + 1) 2α + 1
,

∣∣∣∣an + bn
α+ 1

− an+p −
bn+p

α + 1

∣∣∣∣ ≤
≤

√(
an +

bn
α + 1

− an+p −
bn+p

(α + 1)

)2

+
α2 (bn − bn+p)

2

(α + 1)
√
2α+ 1

âèïëèâà¹, ùî ∀n > n0 i ∀p ∈ N âèêîíóþòüñÿ íåðiâíîñòi

α |bn − bn+p|
(α + 1)

√
2α + 1

< ε,∣∣∣∣an + bn
α + 1

− an+p −
bn+p

(α + 1)

∣∣∣∣ < ε.

Çâiäêè ìà¹ìî, ùî ïîñëiäîâíîñòi(
αbn

(α + 1)
√
2α + 1

)
,

(
an +

bn
α + 1

)
ôóíäàìåíòàëüíi. Çà êðèòåði¹ì Êîøi öi ïîñëiäîâíîñòi ¹ çáiæíè�
ìè. Ç îñòàííüîãî âèïëèâà¹ çáiæíiñòü, à îòæå, i ôóíäàìåíòàëü�
íiñòü ïîñëiäîâíîñòåé (an) i (bn).
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Äîñòàòíiñòü. Íåõàé ïîñëiäîâíîñòi (an) i (bn) ôóíäàìåí�
òàëüíi. Ñêîðèñòàâøèñü êðèòåði¹ì Êîøi, äiñòà¹ìî, ùî ïîñëiäîâ�
íîñòi (

αbn

(α + 1)
√
2α + 1

)
,

(
an +

bn
α + 1

)
ôóíäàìåíòàëüíi. Çâiäêè ìà¹ìî, ùî ∀ε > 0, çîêðåìà äëÿ

ε

2
, ìî�

æíà âêàçàòè òàêèé íîìåð n1, ùî ∀n > n1 i ∀p ∈ N âèêîíó¹òüñÿ
íåðiâíiñòü ∣∣∣∣ αbn

(α+ 1)
√
2α + 1

− αbn+p

(α+ 1)
√
2α + 1

∣∣∣∣ < ε

2
,

i òàêèé íîìåð n2, ùî ∀n > n2 i ∀p ∈ N âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣an + bn
α + 1

− an+p −
bn+p

α+ 1

∣∣∣∣ < ε

2
.

Íåõàé n0 = max (n1, n2). Òîäi ∀n > n0 i ∀p ∈ N ìà¹ìî

∥pn (x)− pn+p (x)∥ ≤

≤

√∣∣∣∣an + bn
α + 1

− an+p −
bn+p

α + 1

∣∣∣∣2 + 2

∣∣∣∣an + bn
α + 1

− an+p −
bn+p

α + 1

∣∣∣∣×
× α |bn − bn+p|
(α+ 1)

√
2α + 1

+
α2 (bn − bn+p)

(α + 1)2
√
2α + 1

=

∣∣∣∣an + bn
α + 1

− an+p −
bn+p

α + 1

∣∣∣∣+
+

α |bn − bn+p|
(α+ 1)

√
(2α + 1)

<
ε

2
+

ε

2
= ε,

òîáòî ïîñëiäîâíiñòü (pn (x))� ôóíäàìåíòàëüíà.
Òåîðåìè 2.1., 2.2. i êðèòåðié Êîøi äàþòü ìîæëèâiñòü çðî�

áèòè âèñíîâîê, ùî ïðîñòið P2,α ïîâíèé. Ïîâíèé íîðìîâàíèé
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ïðîñòið, íîðìà ÿêîãî ïîðîäæåíà ñêàëÿðíèì äîáóòêîì, íàçèâà�
¹òüñÿ ãiëüáåðòîâèì ïðîñòîðîì. Îòæå, ïðîñòið P2,α � ãiëüáåðòiâ
ïðîñòið.

Çàâäàííÿ äëÿ ñàìîñòiéíîãî îïðàöþâàííÿ

2.1. Äîâåñòè, ùî ó áóäü-ÿêî¨ ïîñëiäîâíîñòi (pn (x)) íå ìîæå
áóòè áiëüøå îäíi¹¨ ãðàíèöi.

2.2. Ìíîæèíó {p(x)| ∥p(x)− p0(x)∥ ≤ r} íàçèâàþòü çàìêíå�
íîþ êóëåþ ç öåíòðîì ó òî÷öi p0 (x) ðàäióñà r. Äîâåñòè, ùî êîëè
âñi ÷ëåíè çáiæíî¨ ïîñëiäîâíîñòi (pn (x)) íàëåæàòü çàìêíåíié êó�
ëi, òî i ãðàíèöÿ íàëåæèòü öié êóëi.

2.3. Ìíîæèíó {p (x)} áóäåìî íàçèâàòè îáìåæåíîþ, ÿêùî
iñíó¹ òàêà êóëÿ, ÿêié íàëåæàòü âñi åëåìåíòè öi¹¨ ìíîæèíè,
çîêðåìà ïîñëiäîâíiñòü (pn (x)) íàçèâà¹òüñÿ îáìåæåíîþ, ÿêùî
iñíó¹ êóëÿ, ÿêà ìiñòèòü âñi ÷ëåíè ïîñëiäîâíîñòi. Äîâåñòè, ùî
êîæíà çáiæíà ïîñëiäîâíiñòü ¹ îáìåæåíîþ.

2.4.Äîâåñòè, ùî êîëè ïîñëiäîâíiñòü (pn (x)) çáiæíà äî òî÷êè
p0 (x), òî áóäü-ÿêà êóëÿ ç öåíòðîì â òî÷öi p0 (x) ìiñòèòü âñi
÷ëåíè ïîñëiäîâíîñòi, êðiì, ìîæëèâî, ñêií÷åííîãî ¨õ ÷èñëà.

2.5. Çíàéòè ãðàíèöi ïîñëiäîâíîñòåé

1◦.

(
n

3n+ 2
+

(2n+ 1)2

(n+ 1)3 − n3
xα

)
;

2◦.

(
2n

3n + 5n
+

3 + 0, 5n

0, 3n + 2 · 0, 5n
xα

)
;

3◦.

(
(n+ 5)3 − n (n+ 7)2

n2
+

2
√
n+ n 3

√
n+ 5 3

√
n√

3n− 2 + n 3
√
8n+ 1

xα

)
;

4◦.
(√

n2 + n− n+
(

3
√
n3 + 2n2 − n

)
xα
)
;

5◦.
(

n
√
10 + n

√
0, 1 xα

)
;

6◦.

(√
2 +

1

n
+

√
21 +

1

n
xα

)
;
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7◦.

(
n
√
100− 2

1 + n
√
0, 001

+ n
√
3n + 2n xα

)
;

8◦.

(
4

n+2
n+1 + (1 + 11n)

1
n+2 xα

)
;

9◦.

((
1 +

2

n

)n

+

(
1 +

1

2n

)n

xα

)
;

10◦.

((
n2

n2 + 1

)n−1
n+2

+ n
√
n xα

)
.

�3 Îðòîãîíàëüíiñòü â ïðîñòîði P2,α

Â ãiëüáåðòîâîìó ïðîñòîði ââîäèòüñÿ êóò ìiæ äâîìà åëåìåí�
òàìè p1 (x) = a1 + b1x i p2 (x) = a2 + b2x, ÿêèé âèçíà÷à¹òüñÿ ç
ôîðìóëè

cosφ :=
(p1 (x) , p2 (x))

∥p1 (x)∥ · ∥p2 (x)∥
=

=
a1a2 +

a1b2 + a2b1
α + 1

+
b1b2

2α + 1√
a21 +

2a1b1
α + 1

+
b21

2α + 1
·
√
a22 +

2a2b2
α + 1

+
b22

2α+ 1

. (3.1)

Çðîçóìiëî, ùî íi p1 (x), íi p2 (x) íå ¹ íóëåâèìè åëåìåíòàìè.
Â òîìó âèïàäêó, êîëè cosφ = 0, åëåìåíòè p1 (x) i p2 (x)

íàçèâàþòüñÿ îðòîãîíàëüíèìè i çàïèñóþòü p1 (x)⊥p2 (x). Ñëiä
çàóâàæèòè, ùî îðòîãîíàëüíiñòü ðîçóìiþòü äåùî øèðøå, à ñà�
ìå åëåìåíòè p1 (x) i p2 (x) íàçèâàþòü îðòîãîíàëüíèìè, êîëè
(p1 (x) , p2 (x)) = 0. Çâiäñè âèïëèâà¹, ùî íóëåâèé åëåìåíò îð�
òîãîíàëüíèé áóäü-ÿêîìó åëåìåíòó ç P2,α.

Òåîðåìà 3.1. (Òåîðåìà Ïiôàãîðà). Äëÿ òîãî, ùîá åëåìåí�
òè p1 (x) i p2 (x) ç P2,α áóëè îðòîãîíàëüíèìè íåîáõiäíî i äî�
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ñòàòíüî, ùîá

∥p1 (x)∥2 + ∥p2 (x)∥2 = ∥p1 (x) + p2 (x)∥2 .

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé p1 (x)⊥p2 (x), òîáòî
(p1 (x) , p2 (x)) = 0. Òîäi

∥p1 (x) + p2 (x)∥2 =
= (p1 (x) + p2 (x) , p1 (x) + p2 (x)) = (p1 (x) , p1 (x))+

+ 2 (p1 (x) , p2 (x)) + (p2 (x) , p2 (x)) = ∥p1 (x)∥2 + ∥p2 (x)∥2 .

Äîñòàòíiñòü. Íåõàé äëÿ åëåìåíòiâ p1 (x) i p2 (x) ç P2,α ìà¹
ìiñöå ðiâíiñòü

∥p1 (x)∥2 + ∥p2 (x)∥2 = ∥p1 (x) + p2 (x)∥2

Çâiäñè âèïëèâà¹, ùî 2 (p1 (x) , p2 (x)) = 0. À öå é îçíà÷à¹, ùî
p1 (x)⊥p2 (x).

Ïîçíà÷èìî ÷åðåç Πpo(x) ìíîæèíó âñiõ åëåìåíòiâ p (x) ∈ P2,α,
ÿêi îðòîãîíàëüíi ç p0 (x). Î÷åâèäíî, ùî êîëè p1 (x) , p2 (x) ∈
Πpo(x) i λ, µ ∈ R, òî λp1 (x) + µp2 (x) ∈ Πpo(x), òîáòî Πpo (x)
ëiíiéíèé ïiäïðîñòið ïðîñòîðó P2,α. Âèÿñíèìî, ÿêó ñòðóêòóðó
ìà¹ ïiäïðîñòið Πpo(x) â çàëåæíîñòi âiä po (x).

Òåîðåìà 3.2. ßêùî â po (x) = a0 + b0x
α

à) a0 = b0 = 0, òî Πp0(x) = P2,α;
á) a0 ̸= 0, b0 = 0, òî Πpo(x) = {a− a (α + 1) xα|a ∈ R} ,

ïðè÷îìó âñi êðèâi y = a + bxα ïðîõîäÿòü ÷åðåç òî÷êó

M0

(
1

(α + 1)
1
α

; 0

)
;

â) a0 = 0, b0 ̸= 0, òî Πp0(x) =

{
− α + 1

2α + 1
b+ bxα|b ∈ R

}
,

ïðè÷îìó âñi êðèâi y = a + bxα ïðîõîäÿòü ÷åðåç òî÷êó
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M0

((
α+ 1

2α + 1

) 1
α

; 0

)
;

ã) a0 +
b0

α + 1
= 0 i

a0
α + 1

+
b0

2α + 1
̸= 0, òî Πp0(x) =

{a|a ∈ R} ;

ä) a0 +
b0

α + 1
̸= 0 i

a0
α+ 1

+
b0

2α + 1
= 0, òî

Πpo(x) = {bxα|b ∈ R} ;

å) a0 +
b0

α + 1
̸= 0 i

a0
α + 1

+
b0

2α + 1
̸= 0, òî Πpo(x) =

=

{
a− (a0 (α + 1) + b0) (2α + 1)

a0 (2α + 1) + b0 (α + 1)
· axα|a ∈ R

}
;

ïðè÷îìó âñi êðèâi y = a + bxα ïðîõîäÿòü ÷åðåç òî÷êó

M0

((
a0 (2α + 1) + b0 (α + 1)

(a0 (α + 1) + b0) (2α + 1)

) 1
α

; 0

)
.

Äîâåäåííÿ. Âèïàäîê à) î÷åâèäíèé. Äëÿ îá ðóíòóâàííÿ âè�
ïàäêiâ á) � å) äîñèòü çàïèñàòè, ùî

(p0 (x) , p (x)) = (a0 + b0x
α, a+ bxα) = a0a+

a0b+ b0a

α + 1
+

b0b

2α + 1
.

i ïðîàíàëiçóâàòè ðiâíiñòü

a0

(
a0 +

b0
α + 1

)
+ b

(
a0

α + 1
+

b0
2α + 1

)
= 0.

Î÷åâèäíî, ùî åëåìåíòè l1(x) = 1 i l2(x) = xα ëiíiéíî íåçàëå�
æíi i êîæåí åëåìåíò ç P2,α ïîäà¹òüñÿ ó âèãëÿäi p (x) = ae1 (x)+
be2 (x), òîáòî åëåìåíòè e1 (x) i e2 (x) óòâîðþþòü áàçèñ, à ïðîñòið
P2,α ¹ äâîìiðíèì ëiíiéíèì ïðîñòîðîì (ïðè÷èíà ïîÿâè äâiéêè â
ïîçíà÷åííi).

Ëåãêî ïåðåâiðèòè, ùî

∥e1 (x)∥ = 1, ∥e2 (x)∥ =
1√

2α + 1
, (3.2)
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cosφ = cos
(
l1(̂x) , l2 (x)

)
=

√
2α + 1

α + 1
(3.3).

ßêùî e2 (x) äîìíîæèòè íà
√
2α + 1, òî íîðìà òàêîãî åëåìåí�

òà áóäå ðiâíà 1. Òîìó íàäàëi îñíîâíèì áàçèñîì áóäåìî ââàæà�
òè ïàðó åëåìåíòiâ e1 (x) = 1, e2 (x) =

√
2α + 1xα, i êîëè p (x)

ïîäàíî ó âèãëÿäi ae1 (x)+be2 (x), òî ïàðó ÷èñåë (a; b) áóäåìî íà�
çèâàòè êîîðäèíàòàìè åëåìåíòà (òî÷êè, âåêòîðà) p (x) â ñèñòåìi
êîîðäèíàò e1 (x) , e2 (x).

Äëÿ åëåìåíòà e1 (x) ìíîæèíà îðòîãîíàëüíèõ åëåìåíòiâ ìà¹
âèãëÿä Πpo(x) = {a− a (α + 1)xα|a ∈ R}

Òîäi ç ðiâíÿííÿ

∥a− a (α + 1) xα∥ = 1,

àáî

a2 − 2a2 (α + 1)

α + 1
+

a2 (α+ 1)2

2α + 1
= 1

ìà¹ìî, ùî

a = ±
√
2α + 1

α
.

Òàêèì ÷èíîì ïàðà åëåìåíòiâ

i (x) = 1, j (x) =

√
2α + 1

α
−

√
2α + 1 (α + 1)

α
xα

óòâîðþþòü îðòîãîíàëüíèé áàçèñ.
Î÷åâèäíî, ùî êîëè

p1 (x) = a1i (x) + b1j (x) i p2 (x) = a2i (x) + b2j (x) ,

òî
(p1 (x) , p2 (x)) = a1a2 + b1b2
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ßê óæå çàçíà÷àëîñü, ìíîæèíà åëåìåíòiâ, îðòîãîíàëüíèõ äî
i (x), ìà¹ âèãëÿä

Πi(x) = {λ− λ (α + 1)xα|λ ∈ R}
Ïiäïðîñòið Π⊥

i0(x)
= {λ|λ ∈ R}, îðòîãîíàëüíèé ïiäïðîñòîðó

Πi(x). Òîäi ïðîåêöi¨ äîâiëüíîãî åëåìåíòà p (x) = a+ bxα íà ïiä�
ïðîñòîðè Π⊥

i(x) i Πi(x) áóäóòü ðiâíi âiäïîâiäíî.

ïðΠ⊥
i(x)

p (x) = (p (x) , i (x)) i (x) = a+
b

α + 1
,

ïðΠi(x)
p (x) = (p (x) , j (x)) j (x) = − b

√
2α + 1α

(α + 1) (2α + 1)
j (x) =

= − b

α + 1
+ bxα,

Î÷åâèäíî, ùî

ïðΠ⊥
i(x)

p (x) + ïðΠi(x)
p (x) = p (x) .

Çàâäàííÿ äëÿ ñàìîñòiéíîãî îïðàöþâàííÿ

3.1. Äîâåñòè, ùî êîëè p0 (x) ̸= 0, p1 (x)⊥p0 (x) ,
p2 (x)⊥p0 (x) i p1 (x) ̸= p2 (x), òî äëÿ ∀p (x) ∈ Πp0(x) ∃λ,
ùî p (x) = λp1 (x) + (1− λ) p2 (x) .

3.2. Íåõàé íà ìíîæèíi R2 = {(a, b) |a, b ∈ R} çàäàíî â ïðè�
ðîäíèé ñïîñiá îïåðàöiÿ äîäàâàííÿ ïàð (ïîåëåìåíòíî) i ìíîæå�
ííÿ ïàðè íà ÷èñëî. Ëåãêî ïåðåêîíàòèñü, ùî R2 ìà¹ ñòðóêòóðó
ëiíiéíîãî ïðîñòîðó. Äîâåñòè, ùî ëiíiéíi ïðîñòîðè P2,α i R2 içî�
ìîðôíi. Ïåðåêîíàòèñü, ùî áiëiíiéíà ôîðìà x⃗Ay⃗⊤, äå x⃗, y⃗ ∈ R,

A =

 1
1

α + 1
1

α + 1

1

2α + 1
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çàäà¹ ñêàëÿðíèé äîáóòîê íà R2. Äîâåñòè, ùî ïðîñòîðè P2,α i
R2 içîìåòðè÷íi âiäíîñíî âiäñòàíåé, ïîðîäæåíèõ ñâî¨ìè ñêàëÿð�
íèìè äîáóòêàìè.

3.3. Íåõàé p1 (x) , p2 (x) i g1 (x) , g2 (x) � äâi ñèñòåìè ëiíiéíî
íåçàëåæíèõ âåêòîðiâ. Ïîáóäóâàòè ìàòðèöþ ïåðåõîäó âiä îäíî�
ãî áàçèñó äî äðóãîãî i íàâïàêè. Çîêðåìà ïîáóäóâàòè ìàòðèöþ
ïåðåõîäó âiä îñíîâíîãî áàçèñó l1 (x) , l2 (x) äî îðòîíîðìîâàíîãî
i (x) , j (x).

3.4. Çíàéòè

d
(
p0 (x) ,Πp0(x)

)
= inf

p(x)∈Πp0(x)

∥p (x)− p0 (x)∥

3.5. Çíàéòè âèçíà÷íèê Ãðàìà åëåìåíòiâ p1 (x) = a1 + b1x
α,

p2 (x) = a2 + b2x
α, òîáòî âèçíà÷íèê

△ =

∣∣∣∣(p1 (x) , p1 (x)) (p1 (x) , p2 (x))
(p2 (x) , p1 (x)) (p2 (x) , p2 (x))

∣∣∣∣ .
�4. Ïðÿìi â ïðîñòîði P2,α.

Íåõàé p1 (x) i p2 (x) (p1 (x) ̸= p2 (x)) äâi òî÷êè ïðîñòîðó
P2,α.

Ìíîæèíó òî÷îê

{λp1 (x) + (1− λ) p2 (x) |λ ∈ R} (4.1)

ÿêà ïðîõîäèòü ÷åðåç òî÷êè p1 (x) i p2 (x), íàçèâàþòü ïðÿìîþ â
ïðîñòîði P2,α, à ìíîæèíè

{λp1 (x) + (1− λ) p2 (x) |0 ≤ λ ≤ 1} (4.2)

{λp1 (x) + (1− λ) p2 (x) |0 < λ < 1} (4.3)

âiäïîâiäíî âiäðiçêîì i iíòåðâàëîì ç êiíöÿìè â òî÷êàõ p1 (x) i
p2 (x).
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Ðiâíÿííÿ f (a, b, a1, a2, b1, b2) = 0 áóäåìî íàçèâàòè ðiâíÿííÿì
ïðÿìî¨ (1), êîëè òî÷êà p (x) = a + bxα íàëåæèòü ìíîæèíi (1)
òîäi i òiëüêè òîäi, êîëè ïàðà (a; b) � ðîçâ'ÿçîê öüîãî ðiâíÿííÿ.

Òåîðåìà 4.1. Ðiâíÿííÿ ïðÿìî¨, ÿêà ïðîõîäèòü ÷åðåç òî�
÷êè p1 (x) = a1 + b1x

α, p2 (x) = a2 + b2x
α, ìà¹ âèãëÿä:

a)
a− a1
a2 − a1

=
b− b1
b2 − b1

, êîëè a1 ̸= a2 i b1 ̸= b2; (4.4)

á)a = a1, êîëè a1 = a2 i b1 ̸= b2; (4.5)

â)b = b1, êîëè a1 ̸= a2 i b1 = b2. (4.6)

Äîâåäåííÿ. Íåõàé a + bxα äîâiëüíèé åëåìåíò ç ìíîæèíè
(4.1). Òîäi çíàéäåòüñÿ òàêå ÷èñëî λ, ùî a = λa1+(1− λ) a2, b =
λb1+(1− λ) b2, i î÷åâèäíî, ùî ïàðà (a; b) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ.

Íåõàé òåïåð ïàðà (a0; b0) � ðîçâ'ÿçîê ðiâíÿííÿ (4.4). Òîäi
ïàðó (a0; b0) çàïèøåìî ó âèãëÿäi

(
a0;

b2 − b1
a2 − a1

(a0 − a1) + b1

)
i âiçüìåìî λ =

a2 − a0
a2 − a1

.

Ïiñëÿ öüîãî îòðèìó¹ìî

λp1 (x) + (1− λ) p2 (x) =
a2 − a0
a2 − a1

· a1 +
a0 − a1
a2 − a1

· a2+

+

(
a2 − a0
a2 − a1

· b1 +
a0 − a1
a2 − a1

· b2
)
xα =

= a0 +

(
b1 +

a0 − a1
a2 − a1

(b2 − b1)

)
xα = a0 + b0x

α.

Ó âèïàäêó á) âiçüìåìî ïàðó (a1; b), äå b � äîâiëüíå, àëå ôi�

êñîâàíå ÷èñëî. Çà λ âiçüìåìî ÷èñëî λ =
b2 − b

b2 − b1
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Ïiñëÿ öüîãî îòðèìó¹ìî

λp1 (x) + (1− λ) p2 (x) =
b2 − b

b2 − b1
· a1 +

b− b1
b2 − b1

· a1+

+

(
b2 − b

b2 − b1
· b1 +

b− b1
b2 − b1

· b2
)
xα = a1 + bxα.

Íàñëiäîê Áóäü-ÿêå ðiâíÿííÿ âèäó Aa+Bb+C = 0, äå A2+B2 ̸=
0, ¹ ðiâíÿííÿì ïðÿìî¨ â ïðîñòîði P2,α. Ïðÿìà ç ðiâíÿííÿì
Aa+Bb+ C = 0 ¹ ìíîæèíà

{a+ bxα|Aa+Bb+ C = 0} (4.7)

Äâi ïðÿìi, ÿêi íå ìàþòü ñïiëüíèõ òî÷îê, áóäåìî íàçèâàòè
ïàðàëåëüíèìè ïðÿìèìè. Íåõàé ìà¹ìî äâi ïðÿìi

{a+ bxα|A1a+B1b+ C1 = 0}

i
{a+ bxα|A2a+B2b+ C2 = 0}

Çà îçíà÷åííÿì ïåðåòèí òàêèõ äâîõ ìíîæèí ïîðîæíié, à, îò�
æå, ñèñòåìà äâîõ ðiâíÿíü{

A1a+B1b+ C1 = 0,
A2a+B2b+ C2 = 0

íå ìà¹ ðîçâ'ÿçêiâ. Òàêèì ÷èíîì, óìîâîþ ïàðàëåëüíîñòi äâîõ
ïðÿìèõ ¹ òàêi:

à)
A1

A2

=
B1

B2

C1 ̸= C2, êîëè A2 ̸= 0 i B2 ̸= 0;

á) A1 = A2 = 0,
C1

B1

̸= C2

B2

;

â) B1 = B2 = 0,
C1

A1

=
C2

A2

.

Íåõàé p1 (x) i p2 (x) äâi ðiçíi òî÷êè ç P2,α. Ìíîæèíó
{λp2 (x) + (1− λ) p1 (x) |λ ≥ 0} áóäåìî íàçèâàòè ïiâïðÿìîþ àáî
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ïðîìåíåì ç ïî÷àòêîì â òî÷öi p1 (x) i òî÷êîþ p2 (x) íà íüî�
ìó. Ìíîæèíà {λp2 (x) + (1− λ) p1 (x) |λ ≤ 0} òåæ íàçèâà¹òüñÿ
ïiâïðÿìîþ àáî ïðîìåíåì ç ïî÷àòêîì â òî÷öi p1 (x), ÿêèé íå
ìiñòèòü òî÷êè p2 (x). Ðiçíi ïiâïðÿìi îäíi¹¨ ïðÿìî¨ ç ñïiëüíîþ
ïî÷àòêîâîþ òî÷êîþ íàçèâàþòüñÿ äîïîâíÿëüíèìè.

Ìíîæèíó
{λp1 (x) + (1− λ) p0 (x) |λ ≥ 0}∪{λp2 (x) + (1− λ) p0 (x) |λ ≥ 0}
áóäåìî íàçèâàòè êóòîì ç âåðøèíîþ p0 (x) òà òî÷êàìè p1 (x) i
p2 (x) íà ñòîðîíàõ. ßêùî ñòîðîíè êóòà ¹ äîïîâíÿëüíèìè ïiâ�
ïðÿìèìè îäíi¹¨ ïðÿìî¨, òî êóò íàçèâà¹òüñÿ ðîçãîðíóòèì.

Çà äîâæèíó âiäðiçêà (4.2) (iíòåðâàëà (4.3)) ïðèéìåìî âiä�
ñòàíü ìiæ éîãî êiíöÿìè

d (p1 (x) , p2 (x)) = ∥p1 (x)− p2 (x)∥ . (4.8)

Çà âåëè÷èíó êóòà ç âåðøèíîþ p0 (x) òà òî÷êàìè p1 (x)
i p2 (x) íà éîãî ñòîðîíàõ ïðèéìåìî êóò ìiæ åëåìåíòàìè
p1 (x) − p0 (x) i p2 (x) − p0 (x), òîáòî êóò, ÿêèé âèçíà÷à¹òüñÿ
ç ôîðìóëè

cosα =
(p1 (x)− p0 (x) , p2 (x)− p0 (x))

∥p1 (x)− p0 (x)∥ · ∥p2 (x)− p0 (x)∥
. (4.9)

Áóäåìî ââàæàòè ïðÿìi ïåðïåíäèêóëÿðíèìè, ÿêùî êóò ìiæ
ïiâïðÿìèìè öèõ ïðÿìèõ ïðÿìèé.

Íåõàé äâi ïðÿìi çàäàíi ðiâíÿííÿìè A1a + B1b + C1 = 0,
A2a+B2b+C2 = 0. Âñòàíîâèìî, ïðè ÿêèõ óìîâàõ òàêi ïðÿìi áó�
äóòü ïåðïåíäèêóëÿðíèìè. Íàñàìïåðåä, íåõàé p0 (x) = a0+b0x

α

ñïiëüíà òî÷êà öèõ ïðÿìèõ, i íåõàé â ðiâíÿííÿõ B1 ̸= 0 i B2 ̸= 0
(âñi iíøi âèïàäêè ðîçãëÿíóòè ñàìîñòiéíî). Î÷åâèäíî, ùî òî÷êè

p1 (x) = −C1

B1

xα, p2 (x) = −C2

B2

xα íàëåæàòü âiäïîâiäíî ïåðøié i
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äðóãié ïðÿìié. Òîäi ïðÿìi ïåðïåíäèêóëÿðíi, êîëè åëåìåíòè

p1 (x)− p0 (x) = −a0

(
C1

B1

+ b0

)
xα,

p2 (x)− p0 (x) = −a0

(
C2

B2

+ b0

)
xα,

îðòîãîíàëüíi, òîáòî êîëè

(p1 (x)− p0 (x) , p2 (x)− p0 (x)) = 0.

Çâiäêè ìà¹ìî

a20 +
C2

B2
+ b0 +

C1

B1
+ b0

α+ 1
a0 +

(
C1

B1
+ b0

)(
C2

B2
+ b0

)
2α + 1

=

= a20 −
A2

B2
a0 +

A1

B1
a0

α+ 1
a0 +

A1

B1
+ A2

B2
a20

2α + 1
= 0

Òàêèì ÷èíîì, óìîâîþ ïåðïåíäèêóëÿðíîñòi äâîõ ïðÿìèõ áó�
äå âèêîíàííÿ ðiâíîñòi

1− 1

α + 1

(
A1

B1

+
A2

B2

)
+

1

2α + 1

A1

B1

· A2

B2

= 0.

Îñòàííÿ ðiâíiñòü ¹ óìîâîþ îðòîãîíàëüíîñòi äâîõ åëåìåíòiâ

1− A1

B1

xα i 1− A2

B2

xα

i
B1 − A1x

α; B2 − A2x
α (4.10)

Î÷åâèäíî, ùî öi åëåìåíòè íàëåæàòü âiäïîâiäíî ïðÿìèì, ÿêi
çàäàíi ðiâíÿííÿìè A1a+ B1b = 0 òà A2a+ B2b = 0, ÿêi àáî ïà�
ðàëåëüíi çàäàíèì, àáî õî÷à á îäíà ç íèõ ñïiâïàäà¹ iç çàäàíèìè.
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Òåîðåìà 4.2. Íåõàé ìà¹ìî ïðÿìó l : Aa + Bb + C = 0 i
òî÷êó p0 (x) = a0 + b0x

α. Âiäñòàíü âiä òî÷êè p0 (x) äî ïðÿìî¨
l

d (p0 (x) , l) = inf
p(x)∈l

∥p (x)− p0 (x)∥

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

d (p0 (x) , l) =
α

(α + 1)
√
2α + 1

· |Aa0 +Bb0 + C|√
B2 − 2AB

α+1
+ A2

2α+1

.

Äîâåäåííÿ. Íåõàé p (x) äîâiëüíà òî÷êà ïðÿìî¨ l, òîáòî

p (x) = a− Aa+ C

B
xα

Òîäi

d2 (p (x) , p0 (x)) = (a− a0)
2 − 2

α + 1
(a− a0)

(
Aa+ C

B
+ b0

)
+

+
1

2α+ 1

(
Aa+ C

B
+ b0

)2

= a2
(
1− 2

α + 1
· A
B

+
1

2α + 1
· A

2

B2

)
−

− 2a

(
a0 +

1

α + 1

(
b0 −

A

B
a0 +

C

B

)
− 1

2α+ 1

(
AC

B2
+

Ab0
B

))
+

+ a20 +
2a0
α + 1

(
C

B
+ b0

)
+

1

2α + 1

(
C2

B2
+ b20 +

2Cb0
B

)
Âiäíîñíî a ìà¹ìî êâàäðàòíèé òðè÷ëåí, ÿêèé äîñÿãà¹ ìiíiìóìó
â òî÷öi

a =

(
a0 +

1

α+ 1

(
b0 −

A

B
a0 +

C

B

)
− 1

2α + 1

(
AC

B2
+

Ab0
B

))
×

×
(
1− 2

α+ 1
· A
B

+
1

2α + 1
· A

2

B2

)−1
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i ìiíiìàëüíå çíà÷åííÿ ðiâíå:

d2 (p0 (x) , l) =

[(
a20 +

2a0
α + 1

(
C

B
+ b0

)
+

1

2α + 1

(
C2

B2
+ b20 +

2Cb0
B

))
×

×
(
1− 2

α + 1
· A
B

+
1

2α + 1
· A

2

B2

)
−
(
a0 +

1

α + 1

(
b0 −

A

B
a0 +

C

B

)
−

− 1

2α + 1

(
AC

B2
+

Ab0
B

))2
]
×
(
1− 2

α+ 1
· A
B

+
1

2α + 1
· A

2

B2

)−1

=

=
α2

(α + 1)2 (2α + 1)
· (Aa0 +Bb0 + C)2

B2 − 2AB
α+1

+ A2

2α+1

Çàâäàííÿ äëÿ ñàìîñòiéíîãî îïðàöþâàííÿ.

4.1. Âèÿñíèòè ñòðóêòóðó ìíîæèíè
{λp1 (x) + (1− λ) |λ ∈ R}
â çàëåæíîñòi âiä òî÷îê p1 (x) i p2 (x).
4.2. Ïåðåêîíàòèñü, ùî äëÿ äîâiëüíî¨ íå íóëåâî¨ òî÷êè p0 (x)

Πp0(x) ¹ ïðÿìà. Ñêëàñòè ¨¨ ðiâíÿííÿ.
4.3. Çàäàíî äâi òî÷êè p1 (x) i p2 (x) p1 (x) + p2 (x). Ùî ¹ ãåî�

ìåòðè÷íèì ìiñöåì òî÷îê, ðiâíîâiääàëåíèõ âiä öèõ òî÷îê?
4.4. Âèÿñíèòè, ùî ¹ ãåîìåòðè÷íèì ìiñöåì òî÷îê, ðiâíîâiä�

äàëåíèõ âiä ñòîðií öüîãî êóòà.
4.5. Çàïèñàòè ðiâíÿííÿ ïðÿìî¨, ÿêà ïðîõîäèòü ÷åðåç òî÷êó

p0 (x) i ïàðàëåëüíà ïðÿìié, ÿêà çàäàíà ðiâíÿííÿì Aa + Bb +
C = 0.

4.6. Çíàéòè òî÷êó ïåðåòèíó íåïàðàëåëüíèõ ïðÿìèõ:
à) çàäàíèõ ðiâíÿííÿì A1a+B1b+C1 = 0, A2a+B2b+C2 = 0;
á) çàäàíèõ ïàðàìè òî÷îê, ÿêi ëåæàòü íà öèõ ïðÿìèõ.
4.7. Çàïèñàòè ðiâíÿííÿ ïðÿìî¨, ÿêà ïðîõîäèòü ÷åðåç òî÷êó

p0 (x) i òî÷êó ïåðåòèíó äâîõ ïðÿìèõ, çàäàíèõ ðiâíÿííÿìè.
4.8. Çàïèñàòè ðiâíÿííÿ ïðÿìî¨, ÿêà ïðîõîäèòü ÷åðåç òî÷êó

p0 (x) i îðòîãîíàëüíà åëåìåíòó p1 (x).
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4.9. Çàïèñàòè ðiâíÿííÿ ïðÿìî¨, ÿêà ïðîõîäèòü ÷åðåç òî÷êó
p0 (x) i ïåðïåíäèêóëÿðíà ïðÿìié, çàäàíié ðiâíÿííÿì Aa+Bb+
C = 0.

4.10. Íà âiäðiçêó ç êiíöÿìè â òî÷êàõ p1 (x) i p2 (x) çíàéòè
òî÷êó p0, ÿêà äiëèòü çàäàíèé âiäðiçîê ó âiäíîøåííi µ.

�5. Ãåîìåòðiÿ ïðîñòîðó P2,α.

Ó ïîïåðåäíüîìó ïàðàãðàôi â ïðîñòîði P2,α áóëî ââåäåíî ïî�
íÿòòÿ ïðÿìî¨ êóòà, òîáòî îñíîâíi ãåîìåòðè÷íi ïîíÿòòÿ. Öiëêîì
ïðèðîäíüî ïîñòàâèòè ïèòàííÿ ïðî òå, ÿêà ñàìå ãåîìåòðiÿ ìà¹
ìiñöå â P2,α. Âèÿâëÿ¹òüñÿ, ùî öå ñàìà çâè÷àéíiñiíüêà ïëàíiìå�
òðiÿ Åâêëiäà. Ïiäòâåðäæåííÿì öüîìó ¹ âèêîíàííÿ àêñiîì Î. Â.
Ïîãîð¹ëîâà.

Áóäåìî ââàæàòè, ùî P2,α � ïëîùèíà, à åëåìåíòè ç P2,α �
òî÷êè. Ìíîæèíè âèäó

{λp1 (x) + (1− λ) |λ ∈ R} (5.1)

àáî

{a+ bxα|Aa+Bb+ C = 0} (5.2)

¹ ïðÿìèìè íà ïëîùèíi, ïðè÷îìó äðóãèé çàïèñ ìiñòèòü i ðiâíÿ�
ííÿ ïðÿìî¨. Îòîæ ìè ÷àñòî áóäåìî îòîòîæíþâàòè ïðÿìó ç ¨¨
ðiâíÿííÿì, ÿêèì âîíà çàäà¹òüñÿ.

Î÷åâèäíî, ùî ÿêi á íå áóëè òî÷êè p1 (x) i p2 (x)
(p1 (x) ̸= p1 (x)) ç P2,α, iñíó¹ ïðÿìà, ÿêà ïðîõîäèòü ÷åðåç öi äâi
òî÷êè, ïðè÷îìó òàêà ïðÿìà îäíà. ßêà á íå áóëà ïðÿìà, iñíó�
þòü òî÷êè, ÿêi öié ïðÿìié íàëåæàòü òà òî÷êè, ÿêi öié ïðÿìié
íå íàëåæàòü. Íàïðèêëàä, òî÷êà 2p1 (x) + 3p2 (x) íå íàëåæèòü
ïðÿìié ó çàïèñi (5.1), à êîëè â çàïèñi (5.2) äëÿ ïðèêëàäó B ̸= 0,

òî òî÷êà a +

(
a− Aa+ C

B

)
xα, (a ̸= 0) íå íàëåæèòü ïðÿìié ó

çàïèñi (5.2). Îòæå, àêñiîìè I1, I2 (äèâ [11]) âèêîíóþòüñÿ.

26



Áóäåìî ãîâîðèòè, ùî òî÷êà p3 (x) ëåæèòü ìiæ òî÷êàìè p1 (x)
òà p2 (x), ÿêùî iñíó¹ λ (0 < λ < 1) òàêå, ùî p3 (x) = λp1 (x) +
(1− λ) p2 (x).

Íåõàé ìà¹ìî ïðÿìó

{p (x) |p (x) = λp1 (x) + (1− λ) p2 (x) , λ ∈ R}
i íåõàé q1 (x) = c1 + d1x

α, q2 (x) = c2 + d2x
α, q3 (x) = c3 + d3x

α

ëåæàòü íà öié ïðÿìié. Òîäi iñíóþòü òàêi ÷èñëà λ1 òà λ2, ùî
q1 (x) = λ1p1 (x) + (1− λ1) p2 (x),
q2 (x) = λ2p1 (x) + (1− λ2) p2 (x).
Ïðÿìà, ÿêà ïðîõîäèòü ÷åðåç òî÷êè q1 (x) i q2 (x), çáiãà¹òüñÿ

ç ïðÿìîþ, ÿêà ïðîõîäèòü ÷åðåç òî÷êè p1 (x) i p2 (x). Äiéñíî

{q (x) |q (x) = λq1 (x) + (1− λ) q2 (x) , λ ∈ R} =

= {q (x) |q (x) = (λλ1 + λ2 (1− λ)) p1 (x) + (λ (1− λ1)+

+ (1− λ) (1− λ2) )p2 (x) , λ ∈ R} = {q (x) |q (x) =
= µp1 (x) + (1− µ) p2 (x) |µ ∈ R},

áî λλ1 + λ2 (1− λ) + λ (1− λ1) + (1− λ) (1− λ2) = 1.
Îñêiëüêè íà öié æå ïðÿìié ëåæèòü i òî÷êà q3 (x), òî iñíó¹

÷èñëî λ0, ùî

q3 (x) = (1− λ0) q1 (x) + λ0q2 (x)

i êîëè 0 < λ0 < 1, òî q3 (x) ëåæèòü ìiæ òî÷êàìè q1 (x) i q2 (x),
êîëè λ0 > 1, òî òî÷êà q2 (x) ëåæèòü ìiæ òî÷êàìè q1 (x) i q3 (x),
i êîëè λ0 < 0, òî q1 (x) ëåæèòü ìiæ òî÷êàìè q3 (x) i q2 (x).

Îòæå, ç òðüîõ òî÷îê íà ïðÿìié îäíà i òiëüêè îäíà ëåæèòü
ìiæ äâîìà iíøèìè (Π1).

Âiçüìåìî äâi ìíîæèíè

Π1 = {p (x) |p (x) = a+ bxα, Aa+Bb+ C > 0} ,
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Π2 = {p (x) |p (x) = a+ bxα, Aa+Bb+ C < 0} ,

íàçâåìî ¨õ ïiâïëîùèíàìè, íà ÿêi ðîçáèâà¹ ïëîùèíó P2,α ïðÿ�
ìà l, çàäàíà ðiâíÿííÿì Aa+ Bb+ C = 0. Ïîêàæåìî, ùî ÿêùî
êiíöi ÿêîãî-íåáóäü âiäðiçêà íàëåæàòü îäíié ïiâïëîùèíi, òî âiä�
ðiçîê íå ïåðåòèíà¹ ïðÿìó. ßêùî êiíöi âiäðiçêà íàëåæàòü ði�
çíèì ïiâïëîùèíàì, òî âiäðiçîê ïåðåòèíà¹ ïðÿìó. Íåõàé, äëÿ
ïðèêëàäó, òî÷êè p1 (x) = a1 + b1x

α i p2 (x) = a2 + b2x
α òàêi, ùî

Aa1 + Bb1 + C > 0 i Aa2 + Bb2 + C > 0. Ïðèïóñòèìî, ùî íà
ïðÿìié l iñíó¹ òî÷êà p0 (x) = a0 + b0x

α, ÿêà íàëåæèòü âiäðiçêó
{p (x) |p (x) = λ (a1 + b1x

α) + (1− λ) (a2 + b2x
α) |0 < λ < 1}. Òî�

äi iñíó¹ λ0 (0 < λ0 < 1), òàêå, ùî
a0 + b0x

α = λ0 (a1 + b1x
α) + (1− λ0) (a2 + b2x

α) .
Çâiäêè

Aa0 +Bb0 + C = A (λ0a1 + (1− λ0) a2)+

+B
(
λ0b1 + (1− λ0) b

2
)
+ C = λ0 (Aa1 +Bb1 + C)+

+ (1− λ0) (Aa2 +Bb2 + C) = 0.

Ç äðóãîãî áîêó, âðàõóâàâøè, ùî 0 < λ0 < 1, Aa1 + Bb1 +
C > 0 i Aa2 + Bb2 + C > 0, äiñòà¹ìî, ùî Aa0 + Bb0 + C > 0.
Îòðèìàëè ïðîòèði÷÷ÿ, ùî i äîâîäèòü, êîëè êiíöi áóäü-ÿêîãî
âiäðiçêà íàëåæàòü

∏
1, òî âiäðiçîê i ïðÿìà íå ïåðåòèíàþòüñÿ.

Íåõàé òî÷êè p1 (x) = a1 + b1x
α i p2 (x) = a2 + b2x

α íàëåæàòü
ðiçíèì ïiâïëîùèíàì, íàïðèêëàä, p1 (x) ∈ Π1, p2 (x) ∈ Π2, òîáòî

Aa1 +Bb1 + C > 0, Aa2 +Bb2 + C < 0

.
Âiäíÿâøè âiä ïåðøî¨ íåðiâíîñòi äðóãó, äiñòàíåìî

A (a1 − a2) +B (b1 − b2) > 0.
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Áóäåìî ââàæàòè, ùî a1 ̸= a2 i b1 ̸= b2. Òîäi ðiâíÿííÿ ïðÿìî¨,
ÿêà ïðîõîäèòü ÷åðåç òî÷êè p1 (x) i p2 (x), ìà¹ âèãëÿä

a− a1
a2 − a1

=
b− b1
b2 − b1

Âèçíà÷íèê ñèñòåìè

 Aa+Bb+ C = 0,
a− a1
a2 − a1

=
b− b1
b2 − b1

ðiâíèé

∣∣∣∣∣ A B
1

a2 − a1
− 1

b2 − b1

∣∣∣∣∣ = − A

b2 − b1
− B

a2 − a1
=

A (a1 − a2) +B (b1 − b2)

(a2 − a1) (b2 − b1)
.

Î÷åâèäíî, ùî âií íå ðiâíèé íóëþ, òîáòî ñèñòåìà ìà¹ ¹äèíèé
ðîçâ'ÿçîê, ÿêèé i âèçíà÷à¹ òî÷êó ïåðåòèíó âiäðiçêà i ïðÿìî¨.

Îòæå, îáãðóíòîâàíî, ùî ïðÿìà ðîçáèâà¹ ïëîùèíó íà äâi ïiâ�
ïëîùèíè (Π2).

Íåõàé ìà¹ìî âiäðiçîê

C| (p1 (x) , p2 (x)) := {p (x) |p1 (x) (1− λ) + λp2 (x) |0 < λ < 1} .
Çà éîãî äîâæèíó áóëà ïðèéíÿòà âiäñòàíü ìiæ òî÷êàìè p1 (x)

i p2 (x), òîáòî

d (CI (p1 (x) , p2 (x))) = ∥p1 (x)− p2 (x) ∥
Âiçüìåìî áóäü-ÿêó âíóòðiøíþ òî÷êó âiäðiçêà

p0 (x) = (1− λ0) p1 (x) + λ0p2 (x), äå 0 < λ < 1. Òîäi
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d (CI (p1 (x) , p0 (x))) + d (CI (p0 (x) , p2 (x))) =

= ∥p1 (x)− p0 (x) ∥+ ∥p0 (x)− p2 (x) ∥ =

=

√
λ2
0 (a1 − a2)

2 +
2λ2

0

α + 1
(a1 − a2) (b1 − b2) +

λ2
0

2α + 1
(b1 − b2)

2+

+

√
(1− λ0)

2 (a1 − a2)
2 +

2 (1− λ0)
2

α + 1
(a1 − a2) (b1 − b2)+

+
(1− λ0)

2

2α + 1
(b1 − b2)

2 =

=

√
(a1 − a2)

2 +
2

α + 1
(a1 − a2) (b1 − b2) +

(b1 − b2)
2

2α + 1
=

= ∥p1 (x)− p2 (x) ∥ = d (CI (p1 (x) , p2 (x)))

Îòæå, êîæåí âiäðiçîê ìà¹ ïåâíó äîâæèíó, áiëüøó âiä íóëÿ. Äîâ�
æèíà âiäðiçêà äîðiâíþ¹ ñóìi äîâæèí ÷àñòèí, íà ÿêi âií ðîçáè�
âà¹òüñÿ áóäü-ÿêîþ éîãî òî÷êîþ (Ø1).

Êóòîì ç âåðøèíîþ p0 (x) i òî÷êàìè p1 (x) i p2 (x) íà éîãî
ñòîðîíàõ áóëî íàçâàíî ìíîæèíó

∠p0 (x) p1 (x) p2 (x) :=
{λp1 (x) + (1− λ) p0 (x) |λ ≥ 0}∪{λp2 (x) + (1− λ) p0 (x) |λ ≥ 0},
à éîãî âåëè÷èíîþ áóëî íàçâàíî òàêå ÷èñëî α, ÿêå âèçíà÷à¹�
òüñÿ ç ôîðìóëè

cosα =
(p1 (x)− p0 (x) , p2 (x)− p0 (x))

∥p1 (x)− p0 (x) ∥ · ∥p2 (x)− p0 (x) ∥
.

Äëÿ ðîçãîðíóòîãî êóòà òî÷êè p0 (x), p1 (x), p2 (x) ëåæàòü íà
îäíié ïðÿìié, ïðè÷îìó p0 (x) ìiæ òî÷êàìè p1 (x) i p2 (x). Òî�
äi iñíó¹ λ (0 < λ < 1) òàêå, ùî p0 (x) = λp1 (x) + (1− λ) p2 (x).
Çâiäêè
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p1 (x)− p0 (x) = (1− λ) (p1 (x)− p2 (x)),
p2 (x)− p0 (x) = −λ (p1 (x)− p2 (x)),

cosα =
−λ (1− λ)

λ (1− λ)
= −1,

òîáòî α = 180◦.
Íåõàé ∠p1 (x) p0 (x) p2 (x) íå ¹ ðîçãîðíóòèì i íåõàé p̃ (x) =

(1− λ) p1 (x) + λp2 (x) , 0 < λ < 1, òîäi ïðîìiíü

{p (x) |p (x) = (1− µ) p0 (x) + µp̃ (x) |µ ≥ 0}

ïðîõîäèòü ìiæ ñòîðîíàìè êóòà. Ïîêàæåìî, ùî ìiðà
∠p1 (x) p0 (x) p2 (x) äîðiâíþ¹ ñóìi êóòiâ p1 (x) p0 (x) p̃ (x) i
p̃ (x) p0 (x) p2 (x).

Äiéñíî

cosα1 =
(p1 (x)− p0 (x) , p̃ (x)− p0 (x))

∥p1 (x)− p0 (x) ∥ · ∥p̃ (x)− p0 (x) ∥
,

cosα2 =
(p2 (x)− p0 (x) , p̃ (x)− p0 (x))

∥p2 (x)− p0 (x) ∥ · ∥p̃ (x)− p0 (x) ∥
i

cos (α1 + α2) = cos

(
arccos

(p1 (x)− p0 (x) , p̃ (x)− p0 (x))

∥p1 (x)− p0 (x) ∥ · ∥p̃ (x)− p0 (x) ∥
+

+ arccos
(p2 (x)− p0 (x) , p̃ (x)− p0 (x))

∥p2 (x)− p0 (x) ∥ · ∥p̃ (x)− p0 (x) ∥

)
=

=
(p1 (x)− p0 (x) , p̃ (x)− p0 (x)) (p2 (x)− p0 (x) , p̃ (x)− p0 (x))

∥p1 (x)− p0 (x) ∥ · ∥p2 (x)− p0 (x) ∥ · ∥p̃ (x)− p0 (x) ∥2
−

−

√
1− (p1 (x)− p0 (x) , p̃ (x)− p0 (x))

2

∥p1 (x)− p0 (x) ∥ · ∥p̃ (x)− p0 (x) ∥2
×

×

√
1− (p2 (x)− p0 (x) , p̃ (x)− p0 (x))

2

∥p2 (x)− p0 (x) ∥ · ∥p̃ (x)− p0 (x) ∥2
.
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Îñêiëüêè

(p1 (x)− p0 (x) , p̃ (x)− p0 (x)) = λ (p1 (x)− p0 (x) , p2 (x)− p0 (x))+

+ (1− λ) · ∥p1 (x)− p0 (x) ∥2,

(p2 (x)− p0 (x) , p̃ (x)− p0 (x)) =

= (1− λ) (p1 (x)− p0 (x) , p2 (x)− p0 (x)) + λ2 · ∥p2 (x)− p0 (x) ∥2,
∥p̃ (x) − p0 (x) ∥2 = (p̃ (x)− p0 (x)) , (p̃ (x)− p0 (x)) =
(1− λ)2 ∥p1 (x)−p0 (x) ∥2+2λ (1− λ) (p1 (x)− p0 (x) , p2 (x)− p0 (x))+
λ2∥p2 (x)− p0 (x) ∥2,

òî

cos (α1 + α2) = [(λ (p1 (x)− p0 (x) , p2 (x)− p0 (x)) +

+ (1− λ) ∥p1 (x)− p0 (x) ∥2
)
((1− λ) (p1 (x)− p0 (x) , p2 (x) −

− p0 (x)) + λ∥p2 (x)− p0 (x) ∥2
)
− λ (1− λ)

(
∥p1 (x)− p0 (x) ∥2 ×

× |p2 (x)− p0 (x) ∥2 − (p1 (x)− p0 (x) , p2 (x)− p0 (x))
2)]×

× ∥p1 (x)− p0 (x) ∥−1 · ∥p2 (x)− p0 (x) ∥−1×
×
[
(1− λ)2 ∥p1 (x)− p0 (x) ∥2 + 2λ (1− λ) (p1 (x)− p0 (x) , p2 (x) −

− p0 (x)) + λ2∥p2 (x)− p0 (x) ∥2
]−1

=

=
(p1 (x)− p0 (x) , p2 (x)− p0 (x))

∥p1 (x)− p0 (x) ∥ · ∥p2 (x)− p0 (x) ∥
= cosα.

Îòæå, êîæåí êóò ìà¹ ïåâíó ãðàäóñíó ìiðó, áiëüøó âiä íóëÿ.
Ðîçãîðíóòèé êóò äîðiâíþ¹ 180◦. Ãðàäóñíà ìiðà êóòà äîðiâíþ¹
ñóìi ãðàäóñíèõ ìið êóòiâ, íà ÿêi âií ðîçáèâà¹òüñÿ áóäü-ÿêèì
ïðîìåíåì, ùî ïðîõîäèòü ìiæ éîãî ñòîðîíàìè (Ø2).

Íåõàé ìà¹ìî ïiâïðÿìó ç ïî÷àòêîì â òî÷öi p0 (x) :
{p (x) |p (x) = (1− λ) p0 (x) + λp1 (x) , λ ≥ 0} i äåÿêå ÷èñëî

d > 0. Òîäi ç ðiâíÿííÿ ∥p (x)− p0 (x) ∥ = d äiñòà¹ìî

λ =
d

∥p (x)− p0 (x) ∥
,
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òîáòî íà áóäü-ÿêié ïiâïðÿìié âiä ¨¨ ïî÷àòêîâî¨ òî÷êè ìîæíà
âiäêëàñòè âiäðiçîê äàíî¨ äîâæèíè i òiëüêè îäèí (IÓ1).
Íåõàé ìà¹ìî ïiâïðÿìó ç ïî÷àòêîì â òî÷öi p0 (x) i òî÷êó p1 (x)
íà íié. Áóäåìî ââàæàòè, ùî ∥p1 (x) − p0 (x) ∥ = cosα, äå 0 <

α <
π

2
� ôiêñîâàíà âåëè÷èíà êóòà i ùî ðiâíÿííÿ ïðÿìî¨, ùî

ïðîõîäèòü ÷åðåç òî÷êè p0 (x) i p1 (x) ìà¹ âèãëÿä Aa+Bb+C = 0.
Âiçüìåìî òî÷êó p2 (x) = a2 + b2x

α, äå

a2 =
cos2 α+K sinα

(
(a1−a0)(b1−b0)

α+1
+ (b1−b0)

2

2α+1

)
(a1 − a0)

2 + 2(a1−a0)(b1−b0)
α+1

+ (b1−b0)
2

2α+1

(a1 − a0) + a0 =

=
cos2 α +K sinα

(
(a1−a0)(b1−b0)

α+1
+ (b1−b0)

2

2α+1

)
cos2 α

(a1 − a0) + a0,

b2 =
cos2 α +K sinα

(
(a1 − a0)

2 + (a1−a0)(b1−b0)
α+1

)
(a1 − a0)

2 + 2(a1−a0)(b1−b0)
α+1

+ (b1−b0)
2

2α+1

(b1 − b0) + b0 =

=
cos2 α +K sinα

(
(a1 − a0)

2 + (a1−a0)(b1−b0)
α+1

)
cos2 α

(b1 − b0) + b0,

K =
(α + 1)

√
2α+ 1

α
·

√
b21 −

2A1B1

α+ 1
+

A2
1

2α + 1
.

Íåâàæêî ïåðåêîíàòèñü (Äîâåäiòü!), ùî ∥p2 (x)− p0 (x) ∥ = 1
i ùî p2 (x) = {p (x) = a+ bxα|Aa+Bb+ C > 0} .

Ïîêàæåìî, ùî âåëè÷èíà êóòà ìiæ ïiâïðÿìèìè ç ïî÷àòêîì
p0 (x) i âiäïîâiäíî ç òî÷êàìè íà íèõ p1 (x) i p2 (x) ðiâíà α. Äié�
ñíî
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cosα =
(p2 (x)− p0 (x) , p1 (x)− p0 (x))

∥p2 (x)− p0 (x) ∥ · ∥p1 (x)− p0 (x) ∥
=

=
(p2 (x)− p0 (x) , p1 (x)− p0 (x))

cosα
= ((a1 − a0) (a2 − a0) +

1

α + 1
×

× ((a1 − a0) (b2 − b0) + (a2 − a0) (b1 − b0)) +
1

2α + 1
(b1 − b0)×

× (b2 − b0)) cos
−1 α =

[
cos2 α (a1 − a0)

2 +K sinα×

×

(
(a1 − a0)

3 (b1 − b0)

α + 1
+

(a1 − a0)
2 (b1 − b0)

2

2α + 1

)
+

1

α+ 1

(
cos2 α×

× (a1 − a0) (b1 − b0) +K sinα

(
(a1 − a0)

2 (b1 − b0)
2

α+ 1
+

+
(a1 − a0) (b1 − b0)

3

2α+ 1

))
+

1

α + 1

(
cos2 α (a1 − a0) (b1 − b0) −

− K sinα

(
(a1 − a0)

3 (b1 − b0) +
(a1 − a0)

2 (b1 − b0)
2

α+ 1

))
+

+
1

2α + 1

(
cos2 α (b1 − b0)

2 −K sinα
(
(a1 − a0)

2 (b1 − b0)
2 +

+
(a1 − a0) (b1 − b0)

3

α + 1

))]
cos−3 α =

[
cos2 α

(
(a1 − a0)

2 +

+
2 (a1 − a0) (b1 − b0)

α + 1
+

(b1 − b0)
2

2α + 1

)
+K sinα

(
(a1 − a0)

3 (b1 − b0)

α + 1
+

+
(a1 − a0)

2 (b1 − b0)
2

2α+ 1
+

(a1 − a0)
2 (b1 − b0)

2

(α+ 1)2
+

(a1 − a0) (b1 − b0)
3

(α + 1) (2α + 1)
−

− (a1 − a0)
3 (b1 − b0)

α + 1
− (a1 − a0)

2 (b1 − b0)
2

(α + 1)2
−

− (a1 − a0)
2 (b1 − b0)

2

2α + 1
− (a1 − a0) (b1 − b0)

3

(α + 1) (2α + 1)

)]
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=

(
(a1 − a0)

2 +
2 (a1 − a0) (b1 − b0)

α + 1
+

(b1 − b0)
2

2α + 1

)
cos−1 α = cosα.

Îòæå, âiä áóäü-ÿêî¨ ïiâïðÿìî¨ ó äàíié ïëîùèíi ìîæíà âiäêëà�
ñòè êóò ç çàäàíîþ ãðàäóñíîþ ìiðîþ, ìåíøîþ 90◦.

ßêùî âåëè÷èíà êóòà α = 90◦, òî äîñèòü çàïèñàòè ðiâíÿííÿ
ïðÿìî¨, îðòîãîíàëüíî¨ äî åëåìåíòà p1 (x) − p0 (x). Âîíî áóäå
ìàòè âèãëÿä Aa+Bb = 0. Çàïèñàòè ðiâíÿííÿ Aa+Bb+C = 0 i
çíàéòè C òàêå, ùîá òî÷êà p0 (x) íàëåæàëà ïðÿìié ç ðiâíÿííÿì
Aa+Bb+ C = 0.

ßêùî æ âåëè÷èíà êóòà α áiëüøà 90◦, òî ñëiä ñïî÷àòêó âiä�
êëàñòè êóò âåëè÷èíè 90◦, à ïiñëÿ öüîãî êóò âåëè÷èíè α − 90◦.
Îòæå, âiä áóäü-ÿêî¨ ïiâïðÿìî¨ ó äàíié ïiâïëîùèíi ìîæíà âiä�
êëàñòè êóò ç äàíîþ ãðàäóñíîþ ìiðîþ, ìåíøîþ 180◦, i òiëüêè
îäèí (IÓ2).

Ïiä òðèêóòíèêîì áóäåìî ðîçóìiòè ìíîæèíó òî÷îê

{p (x) |p (x) = (1− λ) p1 (x) + λp2 (x) , 0 ≤ λ ≤ 1}∪
∪ {p (x) |p (x) = (1− λ) p2 (x) + λp3 (x) , 0 ≤ λ ≤ 1}∪
∪ {p (x) |p (x) = (1− λ) p3 (x) + λp1 (x) , 0 ≤ λ ≤ 1} ,

äå p1 (x), p2 (x), p3 (x) � òðè òî÷êè, ÿêi íå ëåæàòü íà îäíié ïðÿ�
ìié. Òðèêóòíèêè áóäåìî ââàæàòè ðiâíèìè, ÿêùî â íèõ âiäïî�
âiäíi ñòîðîíè i âiäïîâiäíi êóòè ðiâíi.

Íåõàé ìà¹ìî òðèêóòíèê ç âåðøèíàìè p1 (x) = a1 + b1x
α,

p2 (x) = a2+b2x
α, p3 (x) = a3+b3x

α i íåõàé d (p1 (x) , p2 (x)) = d3,
d (p2 (x) , p3 (x)) = d1, d (p1 (x) , p3 (x)) = d2, âåëè÷èíè êóòiâ
∠p2 (x) p1 (x) p3 (x), ∠p1 (x) p2 (x) p3 (x), ∠p2 (x) p3 (x) p1 (x) âiä�
ïîâiäíî ðiâíi α, β, γ, ïðè÷îìó α ≤ 90◦. Âiçüìåìî äîâiëüíó
ïðÿìó l ç ðiâíÿííÿì Aa+Bb+C = 0 i ïiâïëîùèíó, íàïðèêëàä,

Π1 = {p (x) = a+ bxα|Aa+Bb+ C > 0}
Íà ïðÿìié l âiçüìåìî òî÷êó p̃1 (x) = ã1 + b̃1x

α i íà îäíîìó ç
ïðîìåíiâ âiäêëàäåìî âiä òî÷êè p̃1 (x) òî÷êó p̃2 (x) = ã2 + b̃2x

α
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òàêó, ùî íà âiäðiçêó ç êiíöÿìè p̃1 (x) i p̃2 (x) âiçüìåìî òî÷êó
p̃4 (x) = ã4 + b̃4x

α, ÿêà äiëèòü éîãî ó âiäíîøåííi

µ =
d2 cosα√

d21 − d22 sin
2 α

=
d (p̃1 (x) , p̃4 (x))

d (p̃4 (x) , p̃2 (x))
.

Òîäi ðiâíÿííÿ ïðÿìî¨ l, ÿêà ïðîõîäèòü ÷åðåç òî÷êó p̃4 (x) i
ïåðïåíäèêóëÿðíà ïðÿìié l, ìà¹ âèãëÿä

(ã1 − ã4) (a− ã4)+
1

α+ 1

(
(ã1 − ã4)

(
b− b̃4

)
+ (a− ã4)

(
b̃1 − b̃4

))
+

+
1

2α + 1

(
b̃1 − b̃4

)(
b− b̃4

)
= 0.

Ðiâíÿííÿ ïðÿìî¨ l2, ÿêà ëåæèòü â Π1 i êîæíà òî÷êà ÿêî¨
çíàõîäèòüñÿ íà âiäñòàíi Kd2 sinα = Kd1 sin β, äå

K =
(α+ 1)

√
2α + 1

α
·

√
B2 − 2AB

α + 1
+

A2

2α + 1
,

ìà¹ âèãëÿä Aa+Bb+ C = Kd2 sinα.
Çíàéäiòü òî÷êó b̃3 ïåðåòèíó ïðÿìèõ l1 òà l2 i ïåðåêîíàéòåñü,

ùî d (p̃1 (x) , p̃3 (x)) = d2, d (p̃2 (x) , p̃3 (x)) = d1, âåëè÷èíè êóòiâ
p̃2 (x) p̃1 (x) p̃3 (x), p̃1 (x) p̃2 (x) p̃3 (x), p̃2 (x) p̃3 (x) p̃1 (x) âiäïîâiä�
íî ðiâíi α, β, γ.

Òàêèì ÷èíîì ìîæíà ïåðåêîíàòèñÿ, ùî ÿêèé áè íå áóâ òðè�
êóòíèê, iñíó¹ òðèêóòíèê, ùî äîðiâíþ¹ éîìó ó çàäàíîìó ðîçìi�
ùåííi âiäíîñíî äàíî¨ ïiâïðÿìî¨ (IÓ3).

Íàâåäiòü ïðèêëàä êîíêðåòíîãî òðèêóòíèêà, çíàéäiòü éîãî
ñòîðîíè i êóòè.

Íàðåøòi, ÿêùî ìè ìà¹ìî ïðÿìó l, çàäàíó ðiâíÿííÿì Aa +
Bb + C = 0, i òî÷êó p0 (x) = a0 + b0x

α, ÿêà íå ëåæèòü íà öié
ïðÿìié, ïðè÷îìó íàïðèêëàä, Aa0 + Bb0 + C > 0, òî ïðÿìà l1 ¹
ðiâíÿííÿì

Aa+Bb+ C = Kd (p0 (x) , l) ,

äå
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K =
(α + 1)

√
2α + 1

α
·

√
B2 − 2AB

α + 1
+

A2

2α + 1
,

¹ ïðÿìîþ, ïàðàëåëüíîþ ïðÿìié l, ÿêà ïðîõîäèòü ÷åðåç òî÷êó
p0 (x). Êðiì òîãî, îñêiëüêè áóäü-ÿêà ïðÿìà, ïàðàëåëüíà ïðÿìié
l, ìà¹ ðiâíÿííÿ Aa + Bb + D = 0, äå C ̸= D, òî â î÷åâèäíèé
ñïîñiá ïåðåêîíó¹ìîñÿ, ùî ÷åðåç òî÷êó p0 (x) ïðîõîäèòü îäíà
ïðÿìà, ïàðàëåëüíà ïðÿìié l.

Òàêèì ÷èíîì ïåðåêîíó¹ìîñÿ, ùî ÷åðåç òî÷êó, ùî íå ëåæèòü
íà äàíié ïðÿìié, ìîæíà ïðîâåñòè íà ïëîùèíi íå áiëüø ÿê îäíó
ïðÿìó, ïàðàëåëüíó äàíié (Ó).

Òåïåð óæå ìîæíà çðîáèòè çàãàëüíèé âèñíîâîê ïðî òå, ùî
ç ãåîìåòðè÷íî¨ òî÷êè çîðó ìíîæèíà P2,α ¹ åâêëiäîâîþ ïëîùè�
íîþ, áî â P2,α âèêîíóþòüñÿ âñi àêñiîìè Î. Â. Ïîãîð¹ëîâà.

Çàâäàííÿ äëÿ ñàìîñòiéíîãî îïðàöþâàííÿ.

5.1. Äâà êóòè â ïðîñòîði P2,α áóäåìî íàçèâàòè ñóìiæíèìè,
ÿêùî â íèõ îäíà ñòîðîíà ñïiëüíà, à iíøi ñòîðîíè öèõ êóòiâ ¹
äîïîâíÿëüíèìè ïiâïðÿìèìè. Äîâåñòè, ùî ñóìà ñóìiæíèõ êóòiâ
äîðiâíþ¹ 180◦.

5.2. Äâà êóòè â ïðîñòîði P2,α áóäåìî íàçèâàòè âåðòèêàëüíè�
ìè, ÿêùî ñòîðîíè îäíîãî êóòà ¹ äîïîâíÿëüíèìè ïiâïðÿìèìè
ñòîðií äðóãîãî êóòà. Äîâåñòè, ùî âåðòèêàëüíi êóòè ðiâíi.

5.3. Íåõàé ìà¹ìî òðèêóòíèê ç âåðøèíàìè p1 (x) = a1+b1x
α,

p2 (x) = a2+ b2x
α, p3 (x) = a3+ b3x

α. Ñêëàñòè ðiâíÿííÿ ïðÿìèõ,
íà ÿêèõ ëåæàòü:

à) âèñîòà, îïóùåíà ç âåðøèíè òðèêóòíèêà;
á) áiñåêòðèñà êóòà òðèêóòíèêà;
â) ìåäiàíà òðèêóòíèêà, ïðîâåäåíà ç äàíî¨ âåðøèíè.
5.4.Ïåðåêîíàòèñü áåçïîñåðåäíüî, ùî ñóìà êóòiâ òðèêóòíèêà

äîðiâíþ¹ 180◦. ×èì âiäðiçíÿ¹òüñÿ òàêå äîâåäåííÿ âiä äîâåäåííÿ
öüîãî ôàêòó â øêiëüíîìó êóðñi ãåîìåòði¨?

5.5. Íàçâåìî êîëîì ç öåíòðîì â òî÷öi p0 (x) i ðàäióñîì R
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ìíîæèíó òî÷îê {p (x) |d (p0 (x) , p (x)) = R} . Äîñëiäiòü, äå çíà�
õîäèòüñÿ:

à) öåíòð êîëà, îïèñàíîãî íàâêîëî òðèêóòíèêà;
á) öåíòð âïèñàíîãî â òðèêóòíèê êîëà (çâè÷àéíî, îçíà÷èâøè

ñïî÷àòêó öi òåðìiíè). ßêùî âåðøèíàìè òðèêóòíèêà ¹ òî÷êè
p1 (x) , p2 (x) , p3 (x) , òî ÿêà òî÷êà áóäå öåíòðîì

à) êîëà, îïèñàíîãî íàâêîëî òðèêóòíèêà;
á) êîëà, âïèñàíîãî â òðèêóòíèê?
5.6. Ñêîðèñòàâøèñü îçíà÷åííÿì åëiïñà, ãiïåðáîëè, ïàðà�

áîëè, äàòè îçíà÷åííÿ âiäïîâiäíèõ ìíîæèí òî÷îê â ïðîñòîði
P2,α, âèâåñòè ðiâíÿííÿ "åëiïñà "ãiïåðáîëè "ïàðàáîëè"â ïðîñòî�
ði P2,α.

�6. Äåêàðòîâi êîîðäèíàòè íà ïëîùèíi.

Ó ïîïåðåäíiõ ïàðàãðàôàõ çà áàçèñ â ïðîñòîði P2,α áóëî îáðà�
íî òî÷êè 1 òà xα. Ïîêàçàíî, ùî ç ãåîìåòðè÷íî¨ òî÷êè çîðó P2,α

ìà¹ ñòðóêòóðó åâêëiäîâî¨ ïëîùèíè, òåîðiÿ ÿêî¨ áóäó¹òüñÿ íà

îñíîâi áàçèñó
(
l⃗1, l⃗2

)
, äå l⃗1 òà l⃗2 � âåêòîðè ç äîâæèíàìè âiäïî�

âiäíî 1,
1√

2α+ 1
òà êóòîì ìiæ íèìè

φ = arccos

√
2α + 1

α + 1
, äå α > 0.

Ïðîòå â ðàìêàõ äàíî¨ ñòðóêòóðè íi ïðè ÿêîìó çíà÷åííi α íå
ìîæíà äiñòàòè åâêëiäîâó ãåîìåòðiþ, ïîáóäîâàíó â äåêàðòîâié
ïðÿìîêóòíié ñèñòåìi êîîðäèíàò. Äiéñíî, iç çìiíîþ α âiä 0 äî
+∞ êóò φ çìiíþ¹òüñÿ âiä 0 äî 90◦. Ðàçîì ç òèì |e⃗2| çìiíþ¹�
òüñÿ âiä 1 äî 0, òîáòî íà +∞ áàçèñ âèðîäæó¹òüñÿ â ïàðó e⃗1 i
íóëü-âåêòîð. Çðîçóìiëî, ùî òàêà ïàðà íå ìîæå áóòè áàçèñîì.

Ùîá ïîïðàâèòè ñïðàâó, çàñòîñó¹ìî ñòàíäàðòíèé ïðèéîì,
à ñàìå, íîðìó¹ìî áàçèñ, òîáòî çà áàçèñ â ïðîñòîði P2,α

âiçüìåìî òî÷êè e1 (x) = 1 òà e2 (x) =
√
2α + 1 · xα,
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(
∥e1 (x) ∥ = ∥e2 (x) ∥ = 1, φ = arccos

√
2α + 1

α + 1

)
.

Ó òàêîìó áàçèñi êîæåí åëåìåíò p (x) òà P2,α ìîæíà ïîäàòè
ó âèãëÿäi

p (x) = ae1 (x) + be2 (x) = a+
√
2α + 1bxα,

à, îòæå,

∥p (x) ∥ =

√
a2 +

2
√
2α + 1

α + 1
ab+ b2 =

√
a2 + 2 cosφab+ b2 (6.1)

i äëÿ ∀p1 (x)=a1e1 (x)+b1e2 (x) , p2 (x)=a2e1 (x)+b2e2 (x) ∈ P2,α :

d (p1 (x) , p2 (x)) = d
(
a1 +

√
2α + 1b1x

α, a2 +
√
2α + 1b2x

α
)
=

=

√
(a1 − a2)

2 +
2
√
2α + 1

α + 1
· (a1 − a2) (b1 − b2) + (b1 − b2)

2 =

=

√
(a1 − a2)

2 + 2 cosφ (a1 − a2) (b1 − b2) + (b1 − b2)
2 (6.2)

(çîêðåìà d (e1 (x) , e2 (x)) =
√
2− 2 cosφ = 2 sin

φ

2
).

(p1 (x) , p2 (x)) =
(
a1 +

√
2α + 1b1x

α, a2 +
√
2α+ 1b2x

α
)
=

= a1a2 +

√
2α + 1

α+ 1
(a1b2 + a2b1) + b1b2 =

= a1a2 + cosφ (a1b2 + a2b1) + b1b2. (6.3)

Òåïåð óæå î÷åâèäíî, ùî ïðè α → +∞ ãðàíè÷íèì äëÿ ïðî�
ñòîðó P2,α áóäå åâêëiäîâèé ïðîñòið P2,∞ ç îðòîíîðìîâàíèì áà�
çèñîì.
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Àíàëiçóþ÷è ôîðìóëè (6.1),
(6.2), (6.3), ìîæíà çðîáèòè
âèñíîâîê, ùî ôóíêöiîíàëüíèé
ïðîñòið ñâîþ ïðîäóêòèâíó
ðîëü âèêîíàâ. ßê ðåçóëüòàò ìè
äiñòàëè ìîæëèâiñòü áóäóâàòè
åâêëiäîâó ãåîìåòðiþ ïëîùèíè ç
äîïîìîãîþ äåêàðòîâî¨ ñèñòåìè
êîîðäèíàò.

Âiçüìåìî íà ïëîùèíi òî÷êó O i áàçèñ e⃗1, e⃗2, äå e⃗1 i e⃗2 �
îäèíè÷íi âåêòîðè ç êóòîì φ (0 < φ < 180◦) , òîáòî çàäàìî íà
ïëîùèíi ñèñòåìó êîîðäèíàò Oe⃗1e⃗2 (ðèñ.1). Êîîðäèíàòè x i y
ðàäióñ-âåêòîðà O⃗M â áàçèñi e⃗1, e⃗2 ¹ êîîðäèíàòàìè òî÷êè M â
ñèñòåìi êîîðäèíàò Oe⃗1e⃗2. Ó öié ñèñòåìi êîîðäèíàò Oe⃗1e⃗2

d (O,M) = |
−−→
OM | =

√
x2 + 2 cosφxy + y2, (6.4)

d (M1,M2) = |
−−−−→
M1M2| = | (x2 − x1) e⃗1 + (y2 − y1) e⃗2| =

=

√
(x2 − x1)

2 + 2 cosφ (x2 − x1) (y2 − y1) + (y2 − y1)
2, (6.5)

(−−−→
OM1,

−−−→
OM2

)
= (x1e⃗1 + y1e⃗2, x2e⃗1 + y2e⃗2) =

= x1x2 + cosφ (x1y2 + x2y1) + y1y2, (6.6)

cos

(̂⃗
a, b⃗

)
=

(
a⃗, b⃗
)

|⃗a| · |⃗b|
. (6.7)

Çàãàëüíå ðiâíÿííÿ ïðÿìî¨ ìà¹ âèãëÿä
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Aa+Bb+ C = 0, äå A2 +B2 ̸= 0, (6.8)

âåêòîð l⃗ = −Be⃗1 + Ae⃗2 � íàïðÿìíèé âåêòîð öi¹¨ ïðÿìî¨. Ðiâ�
íÿííÿ ïðÿìî¨, ÿêà ïðîõîäèòü ÷åðåç äâi òî÷êè M1 (x1, y1) i
M2 (x2, y2) , çàïèñó¹òüñÿ ó âèãëÿäi

x− x1

x2 − x1

=
y − y1
y2 − y1

, êîëè x1 ̸= x2, y1 ̸= y2, (6.9)

y = y1, êîëè y1 = y2,

x = x1, êîëè x1 = x2.

Ïðÿìi, çàäàíi ðiâíÿííÿì A1x + B1y + C1 = 0, A2x + B2y +
+C2 = 0, çáiãàþòüñÿ, êîëè iñíó¹ λ ∈ R, ùî A2 = λA1, B2 = λB1,
C2 = λC1, ïàðàëåëüíi, êîëè iñíó¹ λ ∈ R, ùî A2 = λA1, B2 =

= λB1, C2 ̸= λC1, ïåðåòèíàþòüñÿ, ùî

∣∣∣∣A1 B1

A2 B2

∣∣∣∣ ̸= 0.

Íåõàé ìà¹ìî ïðÿìó l, çàäàíó ðiâíÿííÿìè Ax+By+C = 0 i
òî÷êóM0 (x0, y0) . Çíàéäåìî âiäñòàíü âiä òî÷êè M0 äî ïðÿìî¨ l.

ßêùî B ̸= 0, òî òî÷êà M

(
x;−A

B
x− C

B

)
íàëåæèòü ïðÿìié l.

Òîäi

d2 (M0,M) = (x− x0)
2 + 2 cosφ (x− x0)

(
−A

B
x− C

B
− y0

)
+

+

(
−A

B
x− C

B
− y0

)2

=

(
1− 2

A

B
· cosφ+

A2

B2

)
x2−

− 2

(
x0 + cosφ

(
C

B
+ y0

)
− cosφ

A

B
x0 −

A

B

(
C

B
+ y0

))
x+

+ x2
0 + 2 cosφx0

(
C

B
+ y0

)
+

(
C

B
+ y0

)2

.
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min
M∈l

d2 (M0,M) =

[
−
(
x0 + cosφ

(
C

B
+ y0

)
− cosφ

A

B
x0 −

− A

B

(
C

B
+ y0

))2

+

(
1− 2

A

B
cosφ+

A2

B2

)
×

×

(
x2
0 + 2 cosφx0

(
C

B
+ y0

)
+

(
C

B
+ y0

)2
)]

×

×
(
1− 2

A

B
cosφ+

A2

B2

)−1

=
sin2 φ

(
A
B
x0 + y0 +

C
B

)2
1− 2 cosφA

B
+ A2

B2

.

Îòæå

d (M0, l) =
sinφ|Ax0 +By0 + C|√
B2 − 2 cosφAB + A2

=
sinφ · |Ax0 +By0 + C|

|⃗l|
,

(6.10)

äå l⃗ � íàïðÿìíèé âåêòîð ïðÿìî¨ l.
ßêùî ïðÿìi l1 i l2, çàäàíi ðiâíÿííÿì A1x + B1y + C1 = 0 i

A2x+B2y+C2 = 0 ïåðåòèíàþòüñÿ, òî êóò ìiæ òàêèìè ïðÿìèìè
ìîæíà âèçíà÷èòè ç ôîðìóëè

cos

(̂⃗
l1, l⃗2

)
=

(
l⃗1, l⃗2

)
|⃗l1| · |⃗l2|

=

=
B1B2 − cosφ (B1A2 +B2A1) + A1A2√

B2
1 − 2 cosφB1A1 + A2

1 ·
√
B2

2 − 2 cosφB2A2 + A2
2

. (6.11)

Çîêðåìà óìîâà ïåðïåíäèêóëÿðíîñòi ïðÿìèõ l1 i l2 çàïèñó¹�
òüñÿ ó âèãëÿäi B1B2 − cosφ (B1A2 +B2A1) + A1A2 = 0.

Çàâäàííÿ äëÿ ñàìîñòiéíîãî îïðàöþâàííÿ.

6.1. Íåõàé íà ïëîùèíi îáðàíà äåêàðòîâà ñèñòåìà êîîðäèíàò
Oxy ç êóòîì φ ìiæ îñÿìè êîîðäèíàò. Çíàéòè âiäñòàíü ìiæ òî�
÷êàìè M1 (x1, y1) òà M2 (x2, y2) .
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6.2. Íåõàé â ëiíiéíîìó ïðîñòîði R2 çàäàíî ÷èñëîâó ôóíêöiþ,
ÿêà êîæíié ïàði åëåìåíòiâ (x1; y1) òà (x2; y2) âiäíîñèòü ÷èñëî

x1x2 + cosφ (x1y2 + x2y1) + y1y2.

Äîâåñòè, ùî òàêà ôóíêöiÿ çàäîâîëüíÿ¹ àêñiîìè ñêàëÿðíîãî
äîáóòêó.

6.3. Íåõàé âåðøèíè òðèêóòíèêà ABC â äåêàðòîâié ñèñòåìi
êîîðäèíàò Oe⃗1e⃗2 (e⃗1̂, e⃗2) =

π

3
ìàþòü êîîðäèíàòè A (a1, a2) ,

B (b1, b2) , C (c1, c2) . Ñêëàñòè ðiâíÿííÿ ïðÿìèõ, íà ÿêèõ ëåæàòü
âiäïîâiäíî ìåäiàíà, âèñîòà, áiñåêòðèñà, ïðîâåäåíi ç âåðøèíèA.
Çíàéòè ¨õ äîâæèíè.

6.4. Íåõàé ìà¹ìî òðèêóòíèê ç ñòîðîíàìè a, b, c. Âiçüìåìî çà
ïî÷àòîê êîîðäèíàò îäíó ç âåðøèí òðèêóòíèêà, à çà îñi êîîð�
äèíàò ïðÿìî¨, íà ÿêèõ ëåæàòü òi äâi ñòîðîíè òðèêóòíèêà, äëÿ
ÿêèõ âèáðàíà âåðøèíà ñïiëüíà. Âèðàçèòè ÷åðåç âåëè÷èíè ñòî�
ðií äîâæèíè ìåäiàí, âèñîò òà áiñåêòðèñ òðèêóòíèêà.

6.5. Ïîáóäóâàòè ôðàãìåíò òåîði¨ êðèâèõ äðóãîãî ïîðÿäêó â
äåêàðòîâèõ êîîðäèíàòàõ.
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